Abstract. We examine the existence of nonsymmetric and symmetric steady state solutions of a general class of reaction-diffusion equations.
Our study consists of two parts: (i) By analyzing the bifurcation from a uniform reference state to nonuniform regimes, we demonstrate the existence of a unique symmetric solution (basic wave number two) which becomes linearly stable when it surpasses a critical amplitude. ( We assume that the first bifurcation point corresponds to the emergence of the simplest nonsymmetric steady state solutions.)
(ii) This result is not affected when a parameter is nonuniformly distributed in the system. However, one of the two possible branches of nonsymmetric solutions may disappear from the bifurcation diagram.
Our analysis is motivated by the fact that experimental observations of pattern transitions during morphogenesis are interpreted in terms of the dynamics of stable concentration gradients. We have shown that in addition to the values of the physico-chemical parameters, these structures can be selected by two different mechanisms:
(i) the linear stability of the nonuniform patterns, (ii) the effects of a small and nonuniform variation of a parameter in the spatial domain.
1. Introduction. The emergence of spatial patterns from apparently homogeneous layers of identical cells is one of the most difficult problems in developmental biology. It is generally assumed that two distinct processes contribute to their formation" first, the construction of a program which specifies the position of each unit in the cell population (pattern formation); second, the interpretation of this program assigning precise activities to each individual cell (pattern differentiation) .
To analyze how a spatial distribution of a physical property may appear inside a population of cells and to find the conditions for its stability, experimental manipulations perturbing the normal development are particularly relevant. For example, in the freshwater coelenterate hydra, small pieces of heads transplanted to the gastric column of hydra induce the formation of a second head there [8] , [9] . In eggs of certain insects, the specification of a one-dimensional body pattern can be changed reproducibly in a "double abdomen" pattern by ultraviolet (U.V.) irradiation [14] , [24] . From the theoretical point of view, the switch of the normal pattern to different stable structures is particularly complex to describe. Extensive experimental and mathematical studies have demonstrated that these patterns can be associated with stable concentration gradients of chemicals (called morphogens) throughout the morphogenetic fields (see references in [3] , [5] , [7] , [8] , [11] , [20] [21] [22] [23] , [25] (. 3) x Xo(X, z).
The paper is presented in two parts. First, we examine the role played by the stability of the nonuniform solutions. We show that there exists a limited number of possible transitions between stable nonsymmetric and symmetric patterns when h is progressively changed (r/=0). Our analysis is motivated by the fact that several experiments were interpreted in terms of transitions between polar (nonsymmetric) to symmetric chemical gradients [5] . A similar problem is analyzed for nonlinear Marangoni convection [26] , [27] .
In the second part of the paper, we examine the possibility of bifurcation from (1.3) to nonuniform regimes when r/S0 in (1.2 [10] , [16] , we find that the small amplitude long-time regimes may depend on different slow times in the vicinity of certain bifurcation points. Section 3 is devoted to the analysis of the effects of/z (r) (r/ 0). We demonstrate the existence of a closed branch of nonsymmetric solutions which may disappear as an isola center when the perturbation resulting from the nonuniformity of the parameter tz surpasses a critical value. Finally, in {} 4 we discuss some further conditions for a correct interpretation of the observed transition between patterns during morphogenesis.
2. Bifurcation to nonsymmeric and symmetric solutions. It will be convenient to define the deviations of concentration from X =X0 and the dimensionless space 
As is frequently observed in the study of simple two-variable models with nonzero diffusion coefficients [23] , we assume that when n is treated as a continuous variable, the functions (2.5) have a unique minimum, and they are unbounded as n 0, as shown in Fig. 1 LoP4 cos 4zrs -Q2(p2, p2, 0, 0) cos 47rs/2. (2.27) and (2.37) for c7 i,/3i (/" 1, 2).
In Fig. 2 , we represent the possible diagrams. Figures 2a-h We intend to find the steady state solutions of (3.1) for (A,/) near (A 0, /x 0). Thus, we rewrite equations (3.1) with Ox/Ot 0 in terms of y and 8" P(V, )x +n(s)P(/, )+O(x, /, )=0, (2.11) . In general, the solvability condition of the lowest order system in our perturbation analysis requires the condition n _-> 2. In the sequel, we consider the case n 3 and n 2. O(e) and suggests that the correct scalings in this regime are: (3.13) 3' eq2 + e2(F1 + e F2 +" ), (3.14) x(s, el/2) e(Xl(s)+el/2X2(s)+ ).
1= O(ea
We introduce (3.3) with n 3, (3.13), (3.14) However, an analysis of the next order correction of the solutions indicates that they are singular at this point. A new expansion of the solution in the vicinity of (3.20) gives the following results" assuming, 21 [19] but will not be presented here.
1 = 0 (e2).
(i) The outer expansion. In this case, we seek a solution of (3.2) of the form (3.4) . Introducing (3.3) with n 2, (3.4) and (2.12) into (3.2) and equating to zero the coefficients of each power of e, we find from the solvability conditions that xl(s) is given by (3.5) where the amplitudes 01, 02 satisfy (3.25a) On the other hand when tr 3,1-q2 0, we find that the solutions of (3.25) The solution of equations (3.32) can be described by 1-'l(b2), (1(2)"
Composite expansion of the solutions can be constructed from the inner and outer expansions, but will not be presented here.
From the outer description given by the roots of (3.26), we note the possible existence of a closed branch of solutions (isola). See Fig. 5 : The conditions for an isola center have been studied recently [4] . These equations can easily be solved numerically. Figure 6 gives the locus of the isola centers in (Kx, K2) space for fixed values of the other parameters. The inner region of the triangle corresponds to parameter values associated with isolas.
In conclusion, we have shown that the imperfection resulting from a small [14] . The strategy of a succession of well-defined gradients corresponding to precise values of a control parameter has also been proposed by Kauffman et al. [15] for the development of the imaginal discs of Drosophila. Here, it is the size of the spatial 'system which acts as the bifurcation parameter.
Our main interest was concentrated on the existence of steady state patterns, solution of the reaction-diffusion equations which present 1 or 2 as characteristic wave numbers. We explore the bifurcation possibilities of a uniform reference state when a parameter A progressively increases from zero and in the vicinity of a double eigenvalue, defined by the critical values of two parameters" A A o /2 =/x When the uniform reference state presents a first bifurcation to nonsymmetric solutions (q2 > q 1), we have found" (i) It is possible to observe two stable solutions characterized by a basic wave number 1 (polar structures) but only one stable solution of basic wave number 2 (symmetric or duplicate structure) (Fig. 2a) . The transition between the two types of solutions is possible by a simple variation of the bifurcation parameter.
(ii) Other behaviors may be expected when the bifurcation parameter gradually changes' jumps to possible O(1) states not described by our analysis (Figs. 2c, 2d ) or transition from a nonsymmetric steady state to a time-periodic solution of large period (Fig. 2b) . When the uniform reference steady state presents a first bifurcation to symmetric solutions (q2 ql), different conclusions appear:
(i) In the vicinity of the first primary bifurcation point, two stable symmetric solutions can be observed. However, one of the two branches of symmetric solutions becomes unstable when the bifurcation parameter increases (Fig. 2f) ; and (ii) By contrast to the previous situation (Fig. 2b) , the Hopf bifurcation point is a tertiary bifurcation point (Fig. 2e) .
In the presence of a nonuniform variation of a physico-chemical parameter (called pre-pattern, see [8] 
